A coupling of a scalar with an unbroken U(1) symmetry to the Standard Model via the Higgs portal is one of the simplest gateways to a dark sector. Yet, for masses mS ≥ mH /2 there are few probes of such an interaction. In this note we evaluate the sensitivity of di-Higgs production at the LHC as well as at a future FCC-hh, taking into account the full momentum dependence of the process. This significantly impacts the sensitivity compared to estimates of changes in the Higgs-coupling based on the effective potential. We also compare our findings to precision single Higgs probes such as the cross section for associated production at a future lepton collider, e.g. FCC-ee, as well as searches for missing energy.
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I. INTRODUCTION
Searches for a dark sector are often benchmarked by the use of three portals coupling particles neutral under the Standard Model (SM) gauge group to SM particles: the vector portal, the neutrino portal and the Higgs portal [1] [2] [3] [4] [5] . On closer inspection most investigations (see e.g. the recent Ref. [6] ) actually focus on the respective mixing effects, i.e. kinetic mixing between a new vector and the SM U(1), neutrino mixing with a new neutral lepton and mixing of the Higgs with a dark counterpart. However, in the case of the Higgs portal there is the possibility to have an unbroken U(1) or Z 2 symmetry that forbids mixing effects. Although there are notable exceptions (cf., e.g. [7] [8] [9] for overviews) this case is much less explored and constrained. This is despite the fact that such a dark scalar could be a dark matter candidate both from thermal [9] [10] [11] [12] [13] [14] and from non-thermal [15] production and could also play a role in baryogenesis [7, [16] [17] [18] [19] .
Let us consider the following simple Lagrangian for a dark scalar with an unbroken Z 2 symmetry,
where λ specifies the Higgs portal coupling with the SM Higgs doublet Φ. Experimental searches without the dark matter assumption are complicated by the fact that such a dark scalar can only be pair produced via the exchange of at least one Higgs. In particular for dark scalar mass above the threshold, m H /2, where the Higgs cannot decay into two scalars sensitivity is severely limited.
In this note, we evaluate the impact of the virtual effects of such a dark scalar on Higgs boson pair production. While the LHC has relatively limited sensitivity, a FCC-hh can viably test the unexplored parameter space for masses m S ≤ m H /2 ≤ few × 100 GeV given the enhanced search potential of Higgs pair final states, * Electronic address: christoph.englert@glasgow.ac.uk † Electronic address: jjaeckel@thphys.uni-heidelberg.de e.g. [20] . Compared to earlier studies [7, 17] we take into account the full, momentum-dependent one-loop amplitude (similar to what is done in [21] for a different dark matter model interacting with the Higgs) instead of considering the correction of the Higgs self-coupling obtained from the effective Coleman-Weinberg potential [22] . In particular at low masses the threshold effects have significant impact, unfortunately somewhat reducing the actual sensitivity for some masses.
II. LIGHT SCALAR CONTRIBUTION TO HIGGS PAIR PRODUCTION
Let us start by explicitly writing down the portal interaction in terms of the Higgs, H, and the Goldstone modes φ ± , φ 0 . Writing the Higgs doublet as
we have
The leading order contributions to gg → HH are given by the Feynman topologies shown in Fig. 1 . At the same time, relevant one-loop S contributions to the gluon fusion amplitude (modulo field renormalisation constants) are due to the off-shell Higgs three point function shown in Fig. 2 . in Fig. 2 and are found to be
This contains divergences that are renormalised by the counter term contributions shown in Fig. 3 . In Eq. (7) A 0 , B 0 , and C 0 are the well-known one-loop PassarinoVeltman [25] functions in the convention of Refs. [26] [27] [28] [29] . Tadpoles deserve a special comment as they generate a non-vanishing contribution for the Higgs self-interaction renormalisation (see e.g. [26] ). The SM Higgs potential reads, after inserting Eq. (2),
vanishes at leading order due to the choice of v. Keeping track of t = v(−µ 2 + v 2 λ) gives rise to a trilinear contribution
Our S-induced tadpole contributions can be removed through a choice that can be diagrammatically expressed as 
which amounts to performing the calculation with the "correct choice" of v. This allows us to neglect tadpole diagrams as they would identically cancel against the associated counter terms. δt is straightforward to compute in our scenario
and needs to be considered in the renormalisation of the 3-point vertex function according to Eq. (9). The counter term contribution is then given by
where δZ H and δm 2 H are the Higgs wave function and mass renormalisation constants. We use the on-shell renormalisation scheme where these parameters are given by
and
respectively. In dimensional regularisation with dimension D < 4 we can extract the divergent contributions for D → 4 via
is manifestly UV finite. δZ H contains no UV singularity. The full renormalised s-channel amplitude is then
where the last term stems from the counter term contribution to the Higgs coupling as part of T . The box contribution follows analogously, Fig. 4 B virt = δZ H B Born .
We obtain the full amplitude by expanding to O(λ 2 )
As M virt is UV-finite we can include the O(λ 4 ) term |M virt | 2 for comparison to gauge the importance of (factorisable) two-loop contributions, in particular when we consider numerically large couplings λ in our scan.
Through the choice of model, we implicitly assume that the dominant electroweak corrections indeed arise through the dynamics of S and we will neglect the SM electroweak corrections, which are currently unknown, throughout. However, in direct relation to the SM expectation, i.e. when ratios are considered, the SM corrections will cancel at one-loop order. We have implemented the above calculation in a modified version of Vbfnlo [30] [31] [32] [33] that links the FeynArts/FormCalc/LoopTools [27] [28] [29] to obtain numerical results.
III. RESULTS
Let us start by discussing the main features of di-Higgs production. The effect of the new scalars is mainly encoded in the modification of the three-point function. A comparison to the Standard Model value is shown in Fig. 5 .
1 For relatively low masses of the new scalar this exhibits a considerable momentum dependence as well as featuring a real and an imaginary part. Both properties distinguish the full calculation from estimates based on a modified three-Higgs coupling obtained from the (explicitly momentum-independent) Coleman-Weinberg effective potential [7, 17] . From Fig. 5 it also becomes clear that we quickly probe the decoupling limit for larger values of m S (consistent with the expectation of [34] ).
The price to pay for using a loop process is that it is higher order in the portal coupling λ. In practice we find that sensitivity is limited to λ ∼ 1 where these effects are accordingly non-negligible. At the same time this raises the question of even higher order corrections. As already mentioned in the previous section, we can use the O(λ 4 ) term |M virt | 2 to obtain some estimate of higher order corrections beyond the O(λ 3 ) we have fully included. A comparison is shown in Fig. 6 giving us reasonable confidence in the calculations for couplings up to λ ∼ 1, especially for light scalar masses.
Let us now turn to the actual evaluation of the sensitivity. Most projections for the precision of di-Higgs measurements are quantified as sensitivities to changes in the Higgs self-coupling (cf., e.g., [20, 35] ). To make use of these, we compare the impact of virtual portal scalars against that of a (momentum independent) change in the self-coupling as shown in Fig. 7 . If the binned distribution deviates by more than the band indicated by the self-coupling projection in the sense of a binned χ 2 test, we consider a particular (m S , λ) point to be excludable.
We consider both the sensitivity at LHC but also a future FCC. The implicit momentum dependence of pp → HH has been used to set constraints on the Higgs Invariant di-Higgs mass spectra relative to the SM and 6% self-coupling extraction as described in [20] .
self-coupling by exploiting the destructive interference between the triangle and box contributions of Fig. 1 . Given the relatively small cross section of HH production at the LHC of about 32 fb [36] [37] [38] [39] [40] [41] [42] [43] [44] , the expected precision of the self-coupling extraction is going to be limited. A recent projection by CMS [35] suggests that a sensitivity to λ
95% CL SM
/λ SM = [−0.18, 3.6] can be achieved, which corresponds to a gluon fusion cross section extraction of O(15%) when assuming SM dynamics. The obtainable sensitivity is shown as the red dashed line in Fig. 8 . As we can see, detectable effects typically require couplings λ significantly larger than 1, where our calculations are not fully trustworthy. To be conservative we perform the calculation with and without the squared virtual corrections and only show whatever sensitivity is weaker. However, it should be kept in mind that this still includes only part of the higher order corrections and therefore is only an estimate.
Di-Higgs production is one of the key motivators for pushing the high-energy frontier beyond the highluminosity and high-energy LHC options. As shown in Ref. [20] (see also [45] [46] [47] [48] ) a coupling extraction of λ SM at the 6% level could be attainable at an FCC-hh with 100 TeV collisions and a 30/ab dataset. This is a direct reflection of a much larger di-Higgs inclusive cross section of around 1 pb [42] . On the basis of this extrapolation, a much better sensitivity to the portal coupling can be achieved. This is shown as the solid black line and the blue region in Fig. 8 which now penetrates into the region λ 1. To estimate the sensitivity we show the dashed line that includes the squared virtual corrections.
The impact of the full calculation can be appreciated by comparison with the green dashed line which is obtained from estimating the change in the Higgs' selfcoupling by including the effects of the portal scalars in 2 . The blue region shows the intersection of these two calculations and is this sense conservative. The red (orange) region corresponds to a 2.5% (0.5%) measurement of the cross section of associated production at FCC-ee. Finally the light green region indicates the best sensitivity curve from missing energy searches according to [8] . Regions, obtained in [7] , where the electroweak vacuum is potentially endangered are shown in grey.
the Coleman-Weinberg effective potential as in [7, 17] .
2
The alert reader might realise that, for larger values of m S , the full computation is systematically more sensitive than the effective potential calculation, where we could expect the Coleman-Weinberg approximation to be a good one according to Fig. 5 . The reason for this difference is that the expected precision as given by the of λ H /λ SM H ∼ O(6%) interpretation pushes us into a regime where weak corrections become relevant. These are not fully reflected by ad-hoc rescalings of the Higgs self-coupling. Tree-level modifications λ H /λ SM H are visible through threshold effects [49] [50] [51] [52] (see also [46] ). Effects of this type need to be contrasted with coherent Higgs coupling changes [53, 54] that drive the destructive interference between the diagrams in Fig. 1 , in particular they affect the box diagrams. As the latter contributions are relevant even in the high m HH region where FCC-hh has significant sensitivity, there is an additional source of deviation compared to λ H /λ SM H alone. The eventual sen-2 The Coleman-Weinberg effective potential [22] is given by V (H) = −(µ 2 /2)H 2 + (λ H /4)H 4 + (1/(64π 2 ))M 4 (const. + log(M 2 )), where in our case M 2 = m 2 S + λ(H 2 − v 2 ). As in [17] we have fixed µ 2 and λ H by implementing the condition that v = 246 GeV and m 2 H = (125 GeV) 2 . The results agree well with those of [7] .
sitivity yield will obviously depend on the details of the machine itself as well as the status of SM precision calculations at the time. That said, it is clear that sufficiently large statistics could enable us to go beyond just finding a deviation from the SM and fingerprint the origin of the changes in the invariant di-Higgs mass spectrum (see also the recent [55] ). As can be seen from Fig. 7 , the dependence on the invariance mass for the portal scalar is quite different from a simple change in the Higgs selfcoupling allowing to get information on the new physics giving rise to the deviation from the SM.
The sensitivity of di-Higgs production has to be appraised in the context of other approaches that have been suggested to constrain the model of Eq. (1). In the following we concentrate on two main methods: the change in the cross section of associated Higgs production (Higgsstrahlung) [53, 54, 56] (see also [7] ) and processes where the new scalars S are produced via an off-shell Higgs, typically leading to missing energy [8, 9] .
It is known that the associated weak corrections will modify the single Higgs production phenomenology [53, 54, 56] leading to measurable deviations in particular at future precision machines such as a future lepton collider in Z boson-associated Higgs production. These constraints do not depend on the energy momentum transfer, also because the measurement will be focussed on a very narrow energy range of around 240 GeV [57] [58] [59] [60] , where Z boson-associate Higgs production is maximised. The energy spectrum of the incident electrons is typically sharp (see e.g. [61] ) for regions where e + e − → ZH production is relevant. The red and orange regions in Fig. 8 show the sensitivity obtainable with 2.5% [58] and 0.5% [59] precision measurements of the cross section, respectively.
At hadron colliders, the Higgs portal interaction leads to pair production of the new scalar S via an off-shell Higgs boson, giving rise to a missing energy signature [8, 9] . Such analyses are difficult as no resonance structure is available to control backgrounds. In parallel, the cross section has a steep drop-off as a function of the Higgs bosons' virtuality due to the propagator suppression. However, we can expect considerable sensitivity, in particular when we turn to 100 TeV collisions with large statistics 30/ab [8] , which is given by the light green region in Fig. 8 .
Finally we also remark that a viable electroweak symmetry breaking vacuum is endangered if the portal coupling is too large [7] . We indicate the region where nonperturbatively large self-couplings of the scalar S are needed to avoid this fate according to [7] as the grey region. This shows that the LHC's sensitivity in HH production is not large enough to test a viable region of the model's parameter space in this channel.
IV. SUMMARY AND CONCLUSIONS
Higgs physics remains an exciting avenue to explore the potential presence of new interactions beyond the Standard Model. In particular, given the gauge-singlet nature of the |Φ| 2 operator, a fully renormalisable scalar (Higgs portal) extension ∼ |Φ| 2 S 2 of the SM is a motivated possibility. While such models can be efficiently constrained when the additional scalar obtains a vacuum expectation value [62] [63] [64] [65] or is light enough for the decay H → SS to be open (cf., e.g., [9] for a recent discussion), once m S > m H /2 the sensitivity becomes limited directly as a consequence of the (weak) Higgs-related production. At hadron colliders, off-shell Higgs measurements can provide sensitivity [8] that is limited ultimately by the reduction of the cross section for masses too far away from the Higgs resonance. In these circumstances, i.e. when the probed centre-of-mass energy is high enough, these scalars can manifest themselves as virtual contributions through (but not limited to) absorptive parts of the amplitude. This motivates the precision study of double Higgs final states (see also [21] ) which is expected to become a sensitive probe of electroweak physics at a future high-energy proton collider. In this work we have shown that the expected precision of the Higgs self-coupling extraction at a 100 TeV FCC-hh [20] indeed shows competitive sensitivity to this scenario, with complementarity to precision studies of Higgs-strahlung processes at, e.g., lepton colliders [54, 56] . This shows that the energy coverage and the large anticipated data set at such a machine can provide a competitive electroweak precision physics instrument (see also [66, 67] ).
